Abstract. We prove that every compact subset of R d of positive Lebesgue measure carries a doubling measure which is not purely atomic. Also, we prove that for every compact and nowhere dense subset E of R d without isolated points and for every doubling measure μ on E there is a countable set F with E ∩ F = ∅ and a doubling measure ν on E ∪ F such that ν| E = μ. This shows that there are many doubling measures whose continuous part is doubling.
Introduction and main results
Doubling measure is an interesting topic in geometric measure theory. Many classic results, such as the Vitali covering lemma and the Lebesgue density theorem, can be extended from Lebesgue measure to doubling measure in Euclidean space. Doubling measures also arise in a natural way in various problems of analysis (see Stein [5] ).
One can talk about doubling measure on any metric space. Let (X, ρ) be a metric space. Denote by B(x, r) the closed ball with center x and radius r. A Borel measure μ on X is doubling if there exists a constant λ > 1 such that
< μ(B(x, 2r)) ≤ λμ(B(x, r)) < ∞
for all x ∈ X and r > 0.
It is not hard to see that if a metric space (X, ρ) carries a doubling measure, then there is a constant N such that each B(x, 2r) in X contains at most N points with mutual distance at least r. A metric space with this property is called a doubling space. Conversely, Vol berg and Konyagin [6] proved that every doubling and compact metric space carries a doubling measure. Moreover, a somewhat more precise assertion holds for the case of X ⊂ R d .
Theorem (Vol berg and Konyagin
for all x ∈ X, r > 0, k ≥ 1, where the constant C is independent of k, x, and r.
Luukkainen and Saksman [3] proved a further result that a complete metric space X carries a doubling measure if and only if X is doubling. Saksman [4] obtained some interesting results on the nonexistence of doubling measures.
We say that a Borel measure μ on a metric space X is purely atomic if μ is supported by a countable subset of X. The following facts (see [1, 8] Let X be a metric space and μ a Borel measure on X. Write X = E ∪ F , where E denotes the set of accumulation points of X and F the set of isolated points of X. Kaufman and Wu [1] 
Proofs of main results
Proof of Theorem 1. Let X be a compact subset of R d with Lebesgue measure L(X) > 0. We shall construct a doubling measure on X which is not purely atomic. Without loss of generality suppose that
where |X| denotes the diameter of X. According to [6, Theorem 2] , X carries a doubling probability measure ν with
for all x ∈ X, r > 0, k ≥ 1, where C is independent of k, x, and r.
in the above inequality, we get
If the measure ν is not purely atomic, there is nothing to prove. Thus suppose that ν is purely atomic. Write X = E ∪ F , where E is the set of accumulation points
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of X and F is the set of isolated points of X. Then ν(E) = 0, L(E) = L(X), and F = X. For every integer n ≥ 1 let
For every cube I in I n which meets E take a point x I ∈ I ∩ E and write
where δ x is the Dirac measure supported on x. One easily has μ n (E) =
2 and (3) ν(B(x, r)) ≤ 2μ n (B(x, r)).
Let μ be a weak* limit measure of the sequence {μ n }. For convenience suppose that {μ n } converges to μ in the weak* sense. We will show that μ is the desired measure. It is clear that μ is supported by X with μ(E) ≥ 1 2 , and so μ is not purely atomic. We only need to show that μ is doubling on X. Let x ∈ X and 0 < r ≤ 1. By the weak* convergence, , 4r) ).
Let C n be the family of cubes in I n meeting B(x, 4r). Then (2) and (4) and the doubling property of ν that x, r) ).
Now it follows from
μ(B(x, 3r)) ≤ 1 2 ν(B(x, 4r)) + C 1 r d ≤ C 2 ν(B(
This together with (3) gives μ(B(x, 3r)) ≤ C 3 μ(B(x,
2 )), where the constants C 1 , C 2 , and C 3 are independent of x and r. This proves that μ is doubling.
Proof of Theorem 2. The proof will go as follows: We first construct an appropriate countable set F = {b i } i≥1 such that F ∩ E = ∅. For convenience we write
where δ b i is the Dirac measure supported on b i . Finally we show that the statements (i), (ii) and (iii) are true and that the measure ν is doubling on X.
Let {a i } i≥1 be a dense subset of E. We inductively construct the set F as follows:
Since E is compact and nowhere dense and μ is doubling on E, there exists a point b j+1 satisfying the conditions (6), (7) and (8) . Clearly F ∩ E = ∅. By the construction, we have r j → 0, m j → 0, and dist(a j , b j ) → 0, as j → ∞.
Now let X and ν be defined as in (5) . It is clear that the statements (i), (ii), and (iii) hold. To complete the proof, it suffices to show that ν is doubling on X. For this, we need to estimate ν(B(x, 2r))/ν(B(x, r)) for x ∈ X. Write
According to (8) , we know that
Let λ denote the doubling constant of μ. There are two cases to consider. Case I: x ∈ E. Then b k ∈ B(x, 2r), and so r k ≤ 2r. Thus we have
Case II:
There are two subcases to consider. Case II-i: 
